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In this article we investigate the spectrum and the spectral singularities of the
Quadratic Pencil of Schro dinger Operator L generated in L2(R+) by the differen-
tial expression
l( y)=&y"+[q(x)+2*p(x)&*2] y, x # R+=[0, )
and the boundary condition
|

0
K(x) y(x) dx+:y$(0)&;y(0)=0,
where p, q, and K are complex valued functions, p is continuously differentiable on
R+ , K # L2(R+), and :, ; # C, with |:|+|;|{0. Discussing the spectrum, we prove
that L has a finite number of eigenvalues and spectral singularities with finite multi-
plicities, if the conditions
lim
x  
p(x)=0, sup
x # R+
[e= - x[ |q(x)|+| p$(x)|+|K(x)|]]<, =>0.
Later we investigate the properties of the principal functions corresponding to the
spectral singularities. Moreover, some results about the spectrum of L are applied
to non-selfadjoint SturmLiouville and KleinGordon s-wave operators.  1999
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1. INTRODUCTION
Let L0 denote the operator generated in L2(R+) by the differential
expression
l0( y)=&y"+q(x) y, x # R+=[0, ), (1.1)
and the boundary condition y$(0)&hy(0)=0, where q is a complex valued
function, and h # C. The study of the spectral analysis of L0 was begun by
Naimark [22] in 1954. In this article, the spectrum of L0 was investigated
and shown that it is composed of eigenvalues, a continuous spectrum, and
spectral singularities. Spectral singularities are poles of the resolvent’s
kernel which are imbedded in the continuous spectrum and are not eigen-
values. If
|

0
e=x|q(x)|, dx<
for some =>0, then L0 has a finite number of eigenvalues and spectral
singularities with finite multiplicities. Moreover, the spectral expansion was
derived in some particular cases.
The result of Naimark was extended to a differential operator on the
whole real axis by Kemp [11].
One very important step in the spectral analysis of L0 was taken by
Pavlov [24]. In his article, he studied the dependence of the structure of
spectral singularities of L0 on the behavior of the potential function at
infinity. Using the generalized spectral function of L0 (in the sense of
Marchenko [21]) and the analytical properties of WeylTitchmarsh func-
tion [27], he obtained the spectral expansion in terms of the principal
functions of L0 . We should note that Pavlov’s paper [24] is the first article
in which the spectral expansion of L0 is derived, taking into account the
spectral singularities as well, but the effect of the spectral singularities in
the spectral expansion was not discussed.
Lyance showed that the spectral singularities play an important role in
the spectral analysis of L0 [17]. He also investigated the effect of spectral
singularities in the spectral expansion.
Spectral analysis of the non-selfadjoint operator L1 generated in L2(R+)
by (1.1) and the boundary condition
|

0
K(x) y(x) dx+:y$(0)&;y(0)=0,
in which K # L2(R+) is a complex valued function, and :, ; # C, was
investigated in detail by Krall [1216]. In [12] he obtained the adjoint L1*
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of the operator L1 . Note that L1* deserves a special interest, since it is not
a purely differential operator. The eigenfunction expansion of L1 and L1*
and the Weyl theory of L1 were investigated by Krall in [13] and [14],
respectively.
Some problems of spectral theory of differential and some others types
of operators with spectral singularities were studied by others in [46],
[9, 18, 19, 23, 25, 26].
Let us consider a differential expression of the form
l( y)=&y"+[q(x)+2*p(x)&*2]y, x # R+ ,
where p and q are complex valued functions, p is continuously differen-
tiable on R+ and bounded.
We denote by D0 those functions f defined on R+ and satisfying
(i) f # L2(R+),
(ii) f $ exists and absolutely continuous on every finite subinterval
of R+,
(iii) l( f ) # L2(R+).
Let K be an arbitrary complex-valued function in L2(R+), :, ; # C and
|:|+|;|{0. We denote by D those functions f satisfying
(i) f # D0 ,
(ii) 0 K(x) f (x) dx+:f $(0)&;f (0)=0.
It is clear that, D is dense in L2(R+) ([13]).
We define the operator L by Lf =l( f ) for all f in D.
The operators L0 and L1 are particular cases of L. If K#0, :=0 and
;=1 then L will reduce to the operator L2 defined by
l( y)=&y"+[q(x)+2*p(x)&*2] y, x # R+ ,
and the boundary condition y(0)=0. Some problems of the spectral
theory of L2 were studied by JaulentJean [10], Maksudov [18], and
MaksudovGuseinov [20].
Let L3 denote the operator generated in L2(R+) by the differential
expression
l ( y)=&y"&[*& p(x)]2 y, x # R+,
and the boundary condition y(0)=0. L3 is a particular case of L (K(x)#0,
q(x)=&p2(x), :=0, ;=1). Note that in relativistic quantum mechanics
the equation
y"+[*& p(x)]2 y=0, x # R+
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is called the KleinGordon s-wave equation for a particle of zero mass with
static potential p ([7]). The eigenvalues of L3 were investigated by
Degasperis in the case that p is real, analytic and vanishes rapidly for
x  , [3].
In this paper, we discuss the discrete spectrum of L and prove that this
operator has a finite number of eigenvalues and spectral singularities, and
each of them is of finite multiplicity if
lim
x  
p(x)=0, sup
x # R+
[e= - x[ |q(x)|+| p$(x)|+|K(x)|]]<, =>0.
Then we obtain the properties of the principal functions corresponding
to the spectral singularities of L.
2. SOLUTIONS OF l( y)=0.
Suppose the functions p and q satisfy
|

0
| p(x)| dx<, |

0
x[|q(x)|+| p$(x)|] dx<. (2.1)
Under (2.1) the equation l( y)=0 has the solutions
e+(x, *)=eiw(x)+i*x+|

x
A+(x, t) ei*t dt (2.2)
and
e&(x, *)=e&iw(x)&i*x+|

x
A&(x, t) e&i*t dt (2.3)
for * # C +=[* : * # C, Im *0] and * # C &=[* : * # C, Im *0], respec-
tively, where w(x)=x p(t) dt, and the kernels A
\(x, t) may be expressed
in terms of p and q. A\(x, t) are continuously differentiable with respect to
their arguments and
|A\(x, t)|C! \x+t2 + exp[‘(x)], (2.4)
|A\x (x, t)|, |A
\
t (x, t)|C _!2 \x+t2 ++% \
x+t
2 +& , (2.5)
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where
!(x)=|

x
[|q(t)|+| p$(t)|] dt, ‘(x)=|

x
[t |q(t)|+2 | p(t)|] dt, (2.6)
%(x)= 14 [|q(x)|+| p(x)|
2+| p$(x)|], (2.7)
and C>0 is a constant. Therefore e+(x, *) and e&(x, *) are analytic with
respect to * in C+=[* : * # C, Im *>0] and C&=[* : * # C, Im *<0],
respectively, and continuous up to the real axis. e\(x, *) also satisfy
e\(x, *)=e\i[w(x)+*x]+O \e
x Im *
|*| + , * # C \, |*|  , (2.8)
e\x (x, *)=\i[*& p(x)] e
\i[w(x)+*x]+O(1), * # C \, |*|  . (2.9)
Let .\(x, *) denote the solutions of l( y)=0 subject to the conditions
lim
x  
e\i*x.\(x, *)=1, lim
x  
e\i*x.\x (x, *)=i*, * # C \ . (2.10)
Then
W[e\(x, *), .\(x, *)]=2i*, * # C \, (2.11)
and
W[e+(x, *), e&(x, *)]=&2i*, * # R=(&, ), (2.12)
where W[ f1 , f2]is the Wronskian of f1 and f2 , (JaulentJean [10]).
3. THE RESOLVENT AND THE CONTINUOUS SPECTRUM OF L
Let us define the following functions:
N\(*)=|

0
K(x) e\(x, *) dx+:e\x (0, *)&;e
\(0, *),
g\(t, *)=
1
2i* {e\(t, *) |

t
K(x) .\(x, *) dx
(3.1)
+.\(t, *) |
t
0
K(x) e\(x, *) dx
+[:e\x (0, *)&;e
\(0, *)] .\(t, *)= .
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Let
G(x, t; *)={G
+(x, t; *),
G&(x, t; *),
* # C+,
* # C&,
(3.2)
be the Green’s function of L (obtained by the standard techniques), where
G\(x, t; *)=G\1 (x, t; *)+G
\
2 (x, t; *), (3.3)
and
G\1 (x, t; *)=
e\(x, *) g\(t, *)
N\(*)
, (3.4)
G\2 (x, t; *)=\{
e\(t, *) .\(x, *)
2i*
,
e\(x, *) .\(t, *)
2i*
,
0t<x
xt<.
(3.5)
We will denote the continuous spectrum of L by _c(L). Using (3.2)(3.5)
in a way similar to Theorem 4.4 in [13], we have the following
Theorem 3.1. _c(L)=(&, ).
4. THE EIGENVALUES AND THE SPECTRAL
SINGULARITIES OF L
We see from (2.11) and (2.12) that if
N \(*)=|

0
K(x) .\(x, *) dx+:.\x (0, *)&;.
\(0, *),
then the functions \(x, *) and (x, *), defined by
\(x, *)=N \(*) e\(x, *)&N \(*) .\(x, *), * # C\, (4.1)
(x, *)=N+(*) e&(x, *)&N&(*) e+(x, *), * # R*=R"[0], (4.2)
are the solutions of the boundary value problem
&y"+[q(x)+2*p(x)&*2] y=0, x # R+,
|

0
K(x) y(x) dx+:y$(0)&;y(0)=0.
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Let us denote the eigenvalues and the spectral singularities of L by _d (L)
and _ss(L), respectively. From (2.8), (2.10), (3.4), (4.1), and (4.2) it follows
that
_d (L)=[* : * # C+ , N+(*)=0] _ [* : * # C& , N &(*)=0], (4.3)
_ss(L)=[* : * # R*, N+(*)=0] _ [* : * # R*, N&(*)=0], (4.4)
[* : * # R*, N+(*)=0] & [* : * # R*, N&(*)=0]=<.
Definition 4.1. The multiplicity of a zero N+ (or N&) in C + (or C &)
is defined as the multiplicity of the corresponding eigenvalue or spectral
singularity of L.
In order to investigate the quantitative properties of the eigenvalues and
the spectral singularities of L, we need to discuss the quantitative proper-
ties of the zeros of N+ and N & in C + and C & , respectively. For the
sake of simplicity we will consider only the zeros of N+ in C + . A similar
procedure may also be employed for zeros of N& in C & . Define
M+1 =[* : * # C+ , N
+(*)=0], M +2 =[* : * # R, N
+(*)=0].
Lemma 4.2. Let K # L1(R+) & L2(R+). Under the condition (2.1) we
have
(i) The set M +1 is bounded and has at most a countable number of
elements, and its limit points can lie only in a bounded subinterval of the real
axis.
(ii) The set M +2 is compact.
Proof. From (2.2) we obtain that N + is analytic in C+ , continuous in
C + , and has the form
N+(*)=i*:e iw(0)&:[ip(0) eiw(0)+A+(0, 0)]
&;eiw(0)+|

0
f +(t) ei*t dt, (4.5)
where
f +(t)=K(t) eiw(t)+|
t
0
K(x) A+(x, t) dx+:A+x (0, t)&;A
+(0, t). (4.6)
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Since f + # L1(R+),
N+(*)=i*:eiw(0)&:[ip(0) eiw(0)+A+(0, 0)]&;e iw(0)+o(1),
* # C + , |*|   (4.7)
by (4.5). The result follows from (4.7). K
Now, let us assume that
|

0
e=x[ |q(x)|+| p(x)|+| p$(x)|+|K(x)|] dx<, =>0. (4.8)
Theorem 4.3. Under the condition (4.8) the operator L has a finite
number of eigenvalues and spectral singularities. Each of them is of finite
multiplicity.
We can prove Theorem 4.3 using analytic continuation. ([22], see also
[46; 11; 1719; 23]).
Now, let us discuss whether the hyphothesis of Theorem 4.3 can be
weakened to attain the same result. For this we will assume that
lim
x  
p(x)=0, sup
x # R+
[e= - x[ |q(x)|+| p$(x)|+|K(x)|]]<, =>0.
(4.9)
From (2.2), (2.4), and (2.5), condition (4.9) guarantees the function N+ is
analytic in C+ , and all of its derivatives are continuous in C + . So
|N+(*)&i*:e iw(0)|<, * # C + , (4.10)
and
} d
r
d*r
N +(*) }Ar , * # C + , r=1, 2, ..., (4.11)
where
Ar=2rc |

0
tr exp \&=2 - t+ dt, r=1, 2, ..., (4.12)
and c>0 is a constant.
Let us denote the set of all limit points of M +1 and M
+
2 by M
+
3 and
M+4 , respectively, and the set of all zeros N
+ with infinite multiplicity in
C + by M +5 .
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Then
M+3 /M
+
2 , M
+
4 /M
+
2 , M
+
5 /M
+
2 .
Using of the continuity of all derivatives of N+ on the real axis we have
M +3 /M
+
5 , M
+
4 /M
+
5 . (4.13)
We will use the following uniqueness theorem of Pavlov for the analytic
functions on the upper half-plane, to prove the next result.
Pavlov’s Theorem. Let us assume that the function f is analytic in C+ ,
all of its derivatives are continuous up to the real axis, and there exist T>0
such that
| f (r)(z)|Ar , r=0, 1, ..., z # C + , |z|<2T, (4.14)
and
} |
&T
&
ln | f (x)|
1+x2
dx }<, } |

T
ln | f (x)|
1+x2
dx }<. (4.15)
If the set Q, with linear Lebesque measure zero, is the set of all zeros of the
function f with infinite multiplicity and if
|
h
0
ln E(s) d+(Qs)=&,
where E(s)=infr Arsrr !, r=0, 1, 2, ..., +(Qs) is the linear Lebesque measure
of s-neighborhood of Q and h is an arbitrary positive constant ([24]), then
f (z)#0.
Lemma 4.4. M +5 =<.
Proof. It is easy to see from Lemma 4.2 and (4.10), (4.11) that N+
satisfies (4.14) and (4.15). Since the function N+ is not equal to zero
identically, then by the Pavlov’s Theorem, M +5 satisfies
|
h
0
ln E(s) d+(M +5, s)>&, (4.16)
where E(s)=infr Arsrr !, +(M +5, s) is the linear Lebesque measure of
s-neighborhood of M +5 , and the constant Ar is defined by (4.12).
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Now we will obtain the following estimates for Ar ,
Ar=2rc |

0
tr exp \&=2 - t+ dtBbrrrr !, (4.17)
where B and b are constants depending on c and =. From (4.17) we find
E(s)=inf
r
Arsr
r !
B inf
r
[brsrrr]B exp[&b&1e&1s&1],
or by (4.16)
|
h
0
1
s
d+(M +5, s)<. (4.18)
(4.18) holds for an arbitrary s, if and only if +(M +5, s)=0 or M
+
5 =<. K
Theorem 4.5. Under the condition (4.9) the operator L has a finite
number of eigenvalues and spectral singularities, and each of them is of finite
multiplicity.
Proof. To be able to prove the theorem we have to show that the
functions N+ and N& have a finite number of zeros with finite multi-
plicities in C + and C & , respectively. We prove it only for N+. The case
N& is similar.
From Lemma 4.4 and (4.13) we find that M +3 =M
+
4 =<. So the
bounded sets M +1 and M
+
2 have no limit points (See Lemma 4.2), i.e., the
function N+ has only a finite number of zeros in C + . Since M +5 =< these
zeros are of finite multiplicity. K
Now we will discuss the structure of M +5 under a condition weaker than
(4.9).
Theorem 4.6. If
lim
x  
p(x)=0,
(4.19)
sup
x # R+
[exp(=x$)[ |q(x)|+| p$(x)|+|K(x)|]]<, =>0, 0<$< 12 ,
then
:
n
(l+n )
(1&2$)(1&$)<,
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where [l+n ] is the sequence of lengths of all finite complementary intervals
of M +5 .
Proof. From (2.4)(2.7) and (4.19) we obtain
} d
r
d*r
N+(*) }Bbrr !rr(1&$)$, * # C + , (4.20)
where B and b are constants depending on = and $.
Let G%=G% (C+ ), (0<%<1), be the Gevrey class of analytic functions
in C+ and 8% be the system of all sets of uniqueness for G% , [8]. Hence
it follows from (4.20) that
N+ # G$(1&$), M +5  8$(1&$) .
Then by Carleson Theorem we obtain
:
n
(l+n )
1&($(1&$))<
([2], see also [8]). K
The above theorem shows that the eigenvalues of L may not be of finite
multiplicity if condition (4.19) is satisfied.
Note. It is well known that, Carleson theorem gives the condition
necessary for a set M +5 not belong to 8$(1&$) . But, we have to note that,
if condition (4.19) holds, then it would be necessary to investigate the
structure of the set M+5 using the Hruscev Theorem (Theorem 1, [8]).
5. PRINCIPAL FUNCTIONS
In this section we assume (4.9). Let *+1 , ..., *
+
j and *
&
1 , ..., *
&
k denote the
zeros of the functions N+ in C+ and N & in C& (which are the eigenvalues
of L) with multiplicities m+1 , ..., m
+
j and m
&
1 , ..., m
&
k , respectively.
Similarly, let *1 , ..., *v and *v+1 , ..., *l be zeros of N + and N & in R*
(which are the spectral singularities of L) with multiplicities n1 , ..., nv and
nv+1 , ..., nl , respectively. Then
+(x, *+i ), { * +(x, *)=*=*i+ , ..., {
 i
+&1
*mi
+&1
+(x, *)=*=*i+,
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and
&(x, *&i ), { * &(x, *)=*=*i& , ..., {
mi
&&1
*mi
&&1 
&(x, *)=*=*i&
are called the principal functions corresponding to the eigenvalues *=*+i ,
i=1, 2, ..., j and *=*&i , i=1, 2, ..., k of L, respectively, where 
\(x,*) are defined by (4.1). Similarly
(x, *i), { * (x, *)=*=*i , ..., {
ni&1
*ni&1
(x, *)=*=*i ,
i=1, ..., v, v+1, ..., l
are the principal functions corresponding to the spectral singularities of L,
where  (x, *) is defined by (4.2).
From (2.8.), (4.1) and (4.3) we obtain that the principal functions corre-
sponding to the eigenvalues of L are in L2(R+ ).
Let us introduce the Hilbert spaces
H+={ f : |

0
(1+x)2n0 | f (x)|2 dx<=,
H&=[g : |

0
(1+x)&2n0 | g(x)|2 dx<=
with
& f &2+ =|

0
(1+x)2n0 | f (x)|2 dx, &g&2&=|

0
(1+x)&2n0 | g(x)|2 dx,
respectively, where n0=max[n1 , ..., nv , nv+1 , ..., nl]+1. It is clear that
H+/{ L2(R+ )/{ H&
H& is isomorphic to the dual of H+ ([1]).
Theorem 5.1.
{ 
n
*n
( } , *)=*=*i  L
2(R+ ), n=0, 1, ..., ni&1, i=1, ..., v, v+1, ..., l
{ 
n
*n
( } , *)=*=*i # H& , n=0, 1, ..., ni&1, i=1, ..., v, v+1, ..., l.
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Proof. Let 0nni&1 and 1iv. Using (4.2.) we have
{ 
n
*n
(x, *)=*=*i= :
n
j=1
A j (*i) { 
j
* j
e+(x, *)=*=*i , (5.1)
where
Aj (*i)=&\nj+{
n& j
*n& j
N&(*)=*=*i .
The proof of theorem is obtained from (2.2), (2.8), and (5.1.) In a similar
way we may also prove the result for 0nni&1 and v+1il. K
6. SPECIAL CASES OF L
a. SturmLiouville Operator L0
In this case the condition (4.9) assumes the form of
sup
x # R+
[e= - x |q(x)|]<, =>0. (6.1)
Hence, from Theorem 4.5 we find
Corollary 6.1. Under the condition (6.1) the operator L0 has a finite
number of eigenvalues and spectral singularities, and each of them is of finite
multiplicity.
Note that the same result has been obtained by Naimark [22] under the
stronger assumption
|

0
e=x |q(x)| dx<, =>0
(see also [17], [23]).
b. SturmLiouville Operator L1 with Integral Boundary Condition
Here the condition (4.9) assumes the form of
sup
x # R+
[e= - x[|q(x)|+|K(x)|]]<, (6.2)
for the operator L1. From Theorem 4.5 we deduce the following.
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Corollary 6.2. If the condition (6.2) holds, the operator L1 has a finite
number of eigenvalues and spectral singularities, and each of them is of finite
multiplicity.
c. The Quadratic Pencil of the Schro dinger Operator L2 .
In this case the condition (4.9) will assume the form
lim
x  
p(x)=0, sup
x # R+
[e= - x[|q(x)|+| p$(x)|]]<, =>0. (6.3)
Similarly, from Theorem 4.5, we have
Corollary 6.3. Under the condition (6.3) the operator L2 has a finite
number of eigenvalues and spectral singularities. Each of them is of finite
multiplicity.
The same result has been proved by Maksudov [18] under the stronger
assumption
|

0
e=x[ |q(x)|+| p(x)|+| p$(x)|] dx<, =>0,
and by JaulentJean [10] under the assumption
_ss(L2)=<.
d. KleinGordon s-Wave Operator
In this case we obtain
Corollary 6.4. If
lim
x  
p(x)=0, sup
x # R+
[e=- x | p$(x)|]<, =>0,
then the operator L3 has a finite number of eigenvalues and spectral
singularities and each of them is of finite multiplicity.
Under Condition (4.9), the eigenfunction expansion in terms of the
principal functions of L will consist of the subject of another article.
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